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Abstract. We classify closed abelian subgroups of the automorphism group of
any compact classical simple Lie algebra whose centralizer has the same dimension
as the dimension of the subgroup, and describe Weyl groups of maximal abelian
subgroups.
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1. Introduction
In this paper, we study closed abelian subgroups F of a compact simple Lie group
G satisfying the condition of
(∗) dim gF0 = dimF,
where g0 is the Lie algebra of G. It is clear that any maximal abelian subgroup of
G satisfies the condition (∗). A good property of this class of abelian subgroups is
the following: given a surjective homomorphism p : G1 −→ G2 and a closed abelian
subgroup F of G1, F satisfies the condition (∗) if and only if p(F ) satisfies the
condition (∗). Precisely, we classify closed abelian subgroups of the automorphism
group G = Aut(u0) satisfying the condition (∗) for u0 a compact classical simple Lie
algebra (except so(8)). In other publications, we classify closed abelian subgroups
satisfying the condition (∗) of the automorphism group of any other compact simple
Lie algebra.
The method of this paper is through linear algebra. We have four cases to con-
sider: subgroups of the projective unitary group PU(n); of the projective orthogonal
group O(n)/〈−I〉; of the projective symplectic group Sp(n)/〈−I〉; and subgroups of
PU(n) ⋊ 〈τ0〉 (τ0 = complex conjugation) not contained in PU(n). The method of
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classification for abelian subgroups of PU(n) is as follows. Given a closed abelian
subgroup F of PU(n), we define an antisymmetric bimultiplicative function
m : F × F −→ U(1) = {z ∈ C : |z| = 1}
by m(x, y) = λ for any x = [A], y = [B] ∈ F , A,B ∈ U(n) with ABA−1B−1 = λI.
Let kerm = {x ∈ F : m(x, y) = 1,∀y ∈ F}, which is a subgroup of F . By linear
algebra, (F/ kerm,m) determines and is determined by certain positive integers
(n1, n2, . . . , ns) with ni+1|ni for any 1 ≤ s − 1 and n1n2 · · · ns | n. We show that
these integers also determine the conjugacy class of F if it satisfies the condition
(∗). For a closed abelian subgroup F of O(n)/〈−I〉 (or Sp(n)/〈−I〉), similarly we
define an antisymmetric bimultiplicative function m : F × F −→ {±1}. With this,
we have a subgroup kerm of F . Moreover we define a subgroup BF of kerm, which
is always a diagonalizable subgroup. Using it, F is expressed in a blockwise form.
We are able to describe the image of the projection of F to each component if it
satisfies the condition (∗); and we describe the conjugacy class of F in terms of
the integer k = 12 rank(F/ kerm), the conjugacy class of BF and a combinatorial
datum arising from m and the images of projections of F to block components.
Such combinatorial data are generalization of symplective metric spaces studied in
[Yu], which arose from the study of elementary abelian 2-subgroups. Given a closed
abelian subgroup F of PU(n) ⋊ 〈τ0〉 not contained in PU(n), we show that F lifts
to a closed abelian subgroup F ′ of (U(n)/〈−I〉) ⋊ 〈τ〉 with the conjugacy class of
F and the conjugacy class of F ′ determine each other. Then, the classification is
similar to the classification of closed abelian subgroups of O(n)/〈−I〉 satisfying the
condition (∗).
Given a compact simple Lie algebra g0 with a complexification g = g0 ⊗R C,
conjugacy classes of compact subgroups of Aut(g) and that of Aut(g0) are in one-
to-one correspondence (cf. [AYY], Section 8). On the other hand, conjugacy classes
of maximal compact abelian subgroups of Aut(g) are in one-to-one correspondence
with isomorphism classes of fine group gradings of g (cf. [EK], Section 2). The
study of group gradings was initiated in [PZ89]. The fine group gradings of classical
simple Lie algebras are classified in [BK] and [Eld10]. Our approach through the
study of maximal abelian subgroups and the method employed here have several
advantages. First the treatment is uniform, which enables us to show relations
between abelian subgroups of different groups and similarity between the shape of
the sets of abelian subgroups of them. Second the fusion of abelian subgroups are
clearly understood from our classification, with which we are able to describe the
Weyl groups W (F ) = NG(F )/CG(F ) of maximal abelian subgroups F . In turn, our
classification gives a better understanding of maximal abelian subgroups and the
associated group gradings.
Notation and conventions. Given a Lie group G, write Z(G) for the center of G
and G0 for the neutral component of G. Given a subgroup H of G, let CG(H)
denote the centralizer of H in G and NG(H) denote the normalizer of H in G.
For a subset X of G, let 〈X〉 denote the subgroup of G generated by elements in
X. For a quotient group G = H/N , let [x] = xN (x ∈ H) denote a coset. For a
compact semisimple real Lie algebra g0, let Aut(g0) be the group of automorphisms
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of g0 and Int(g0) = Aut(g0)0 be the group of inner automorphisms. Denote by
Zm = {λIm : |λ| = 1}, which is the center of the unitary group U(n). Let In be the
n× n identity matrix. We define the following matrices,
Ip,q =
( −Ip 0
0 Iq
)
, Jn =
(
0 In
−In 0
)
, J′n =
(
0 In
In 0
)
,
Kn =


0 0 0 In
0 0 −In 0
0 In 0 0
−In 0 0 0

 .
2. Projective unitary groups
Let R, C, H be the set of real numbers, complex numbers and quaternion numbers
respectively, which is either a field or a division ring. For F=R, C or H, let Mn(F )
be the set of n× n matrices with entries in F . Let
O(n) = {X ∈ Mn(R) : XXt = I}, SO(n) = {X ∈ O(n) : detX = 1},
U(n) = {X ∈ Mn(C) : XX∗ = I}, SU(n) = {X ∈ U(n) : detX = 1},
Sp(n) = {X ∈Mn(H) : XX∗ = I}.
Here Xt denotes the transposition of a matrix X and X∗ denotes the conjugate
transposition of X. Defined as sets in this way, O(n), SO(n), U(n), SU(n), Sp(n)
are actually Lie groups, i.e., groups with a smooth manifold structure. Moreover,
they are compact Lie groups, i.e., the underlying manifolds are compact. Also
let PO(n), PSO(n), PU(n), PSU(n), PSp(n) be the quotients of the groups O(n),
SO(n), U(n), SU(n), Sp(n) modulo their centers. Let
so(n) = {X ∈Mn(R) : X +Xt = 0},
su(n) = {X ∈Mn(C) : X +X∗ = 0, trX = 0},
sp(n) = {X ∈Mn(H) : X +X∗ = 0},
Then, so(n), su(n), sp(n) are Lie algebras of SO(n), SU(n), Sp(n) respectively. They
represent all isomorphism classes of compact classical simple Lie algebras.
Let G = PU(n) = U(n)/Zn, the projective unitary group of degree n. Let F be
a closed abelian subgroup of G. For any x, y ∈ F , choose A,B ∈ U(n) representing
x, y. That is, x = [A] = AZn and y = [B] = B Zn. Since 1 = [x, y] = [A,B] Zn,
[A,B] = λA,BI for a complex number λA,B with |λA,B| = 1. It is clear that the
number λA,B depends only on x, y, not on the choice of A and B. By this, we define
a map m : F × F −→ U(1) by m(x, y) = λA,B. Since
1 = detABA−1B−1 = det(λA,BI) = (λA,B)n,
m(x, y) = λA,B = e
2kpii
n for some integer k. The conclusion of the following lemma
is clear.
Lemma 2.1. The function m is antisymmetric and bimultiplicative. That means,
m(x, x) = 1, m(x, y) = m(y, x)−1 and m(xy, z) = m(x, z)m(y, z) for any x, y, z ∈ F .
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Let kerm = {x ∈ F : m(x, y) = 1,∀y ∈ F}. It is a subgroup of F and the induced
antisymmetric bimultiplicative function m on F/ kerm is nondegenerate.
Lemma 2.2. If F is a closed abelian subgroup of PU(n) satisfying the condition
(∗), then kerm = F0.
Proof. Since m is a continuous map with finite image, one has F0 ⊂ kerm. For any
x ∈ kerm, substituting F by a subgroup conjugate to it if necessary, we may assume
that x = AZn for some A = diag{λ1In1 , λ2In2 , . . . , λsIns}, where n1, . . . , ns ∈ Z,
n1 + · · · + ns = n, and λ1, . . . , λs are distinct nonzero complex numbers. Since
x ∈ kerm, one has F ⊂ U(n)A/Zn. From the condition of dim gF0 = dimF , one
gets Z(U(n)A/Zn)0 ⊂ F0. Since U(n)A = U(n1)×· · ·×U(ns) and Z(U(n)A/Zn)0 =
(Zn1 × · · · × Zn2)/Zn, we get x ∈ Z(U(n)A/Zn)0 ⊂ F0. 
Given a positive integer k and a multiple n = mk of k, define a subgroup Hk of
PU(n) by
Hk = 〈[diag{Im, ωkIm, · · · , ωk−1k Im}], [


0 Im · · · 0
0 0
. . .
. . .
...
. . .
. . . Im
Im 0 · · · 0

]〉.
Proposition 2.1. For a closed abelian subgroup F of G satisfying the condition (∗),
there exists positive integers n1 ≥ n2 ≥ · · · ≥ ns ≥ 2 with ni+1|ni for any 1 ≤ i ≤
s− 1 and n1n2 · · ·ns|n such that F admits a decomposition F = Hn1 × · · ·Hns × T ,
with T a torus of dimension m − 1, where m = nn1n2···ns . Moreover, the conjugacy
class of F is uniquely determined by the positive integers (n1, . . . , ns).
Proof. We prove it by induction on the order of F/F0. If |F/F0| = 1, i.e., F is
connected, it must be a maximal torus of G, which corresponds to the case of s = 0
and m = n in the conclusion. In general, choose x1, y1 ∈ F such that m(x1, y1) is
of maximal order. Let n1 = o(m(x1, y1)) and
F1 = {x ∈ F : m(x, x1) = m(x, y1) = 1}.
We first show that: for any x, y ∈ F , m(x, y)n1 = 1; there exists x′1 ∈ x1F0 and y′1 ∈
y1F0 such that o(x
′
1) = o(y
′
1) = n1; for any of such x
′
1, y
′
1, F admits a decomposition
F = 〈x′1, y′1〉 × F1. Let z = m(x1, y1). Since m is bimultiplicative and m(x1, y1)
is of maximal order, {m(x1, ·)} = {m(·, y1)} = 〈z〉. Then, for any other x ∈ F ,
there exists integers a, b such that m(x1, x) = z
a and m(x, y1) = z
b. Hence x′ =
xx−b1 y
−a
1 ∈ F1. Therefore F = 〈x1, y1〉 · F1. Suppose there exists x, y ∈ F such that
m(x, y)n1 6= 1. Let x = xa11 yb11 x2 and y = xa21 yb21 y2 for some a1, a2, b1, b2 ∈ Z and
x2, y2 ∈ F1. Then m(x, y) = m(x1, y1)a1b2−a2b1m(x2, y2). Hence m(x2, y2)n1 6= 1.
Let z′ = m(x2, y2). Thus
m(x1x2, y
a
1y
b
2) = m(x1, y1)
am(x2, y2)
b = zaz′b.
Since z′n1 6= 1, we can choose a, b ∈ Z such that o(zaz′b) > n1, which contradicts
the assumption that m(x1, y1) is of maximal order. Hence m(x, y)
n1 = 1 for any
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x, y ∈ F . For any y ∈ F , we have m(xn11 , y) = m(x1, y)n1 = 1 by the first statement
proved above. Then, xn11 ∈ kerm = F0 by Lemma 2.2. As F0 is a torus, there exists
x′1 ∈ x1F0 with (x′1)n1 = 1. Similarly there exists y′1 ∈ y1F0 with (y′1)n1 = 1. On
the other hand, one has n1|o(x′1) and n1|o(y′1) since m(x′1, y′1) = z has order n1.
For any of such x′1, y
′
1, F = 〈x′1, y′1〉 · F1 is proved above. If x′a1 y′b1 ∈ F1 for some
a, b ∈ Z, then 1 = m(x′a1 y′b1 , y′1) = za. Hence n1|a. Similarly we have n2|b. Therefore
x′a1 y
′b
1 = 1. By this we get F = 〈x′1, y′1〉 × F1. With this, we may assume that
o(x1) = o(y1) = o(x1F1) = o(y1F1) = n1 and F = 〈x1, y1〉 × F1. We may assume
that [x1, y1] = (ωn1)
−1. Then, one can show that (x1, y1) ∼ ([A1], [B1]), where
An1 = diag{Im1 , ωn1Im1 , . . . , ωn1−1n1 Im1}
and
Bn1 =


0m1 Im1 0m1 · · · 0m1
0m1 0m1 Im1 · · · 0m1
...
0m1 0m1 0m1 · · · Im1
Im1 0m1 0m1 · · · 0m1


,
m1 =
n
n1
. Then, F1 ⊂ (U(n)〈A1,B1〉)/Zn ∼= U(m1)/Zm1 and |F1/(F1)0| = |F/F0|n2
1
<
|F/F0|. By induction we finish the proof. One has n2|n1 since m(x, y)n1 = 1 for any
x, y ∈ F . Similarly we have ni+1|ni for any 1 ≤ i ≤ s− 1. 
Given a sequence ~a = (n1, . . . , ns) with ni+1|ni for any 1 ≤ i ≤ s − 1, let
V~a = Hn1×· · ·×Hns be an abelian subgroup with an antisymmetric bimultiplicative
function induced from the functions on {Hnj : 1 ≤ s} such that Hni,Hnj are or-
thogonal for any i 6= j. Let Sp(V~a) be the group of automorphisms of V~a preserving
the function on it. Denote by
F~a,m = Hn1 × · · · ×Hns × Tm,
where Hni ⊂ PU(ni) as defined above and Tm is a maximal torus of PU(m), n =
n1 × · · · × ns ×m, also we regard U(n1)× · · ·U(ns)× U(m) as a subgroup of U(n)
by tensor product. By Proposition 2.1, any closed abelian subgroup of PU(n) is
conjugate to some F~a,m. Apparently F~a,m is a maximal abelian subgroup of PU(n).
Proposition 2.2. One has W (F~a,m) = Hom(V~a,U(1)
m/Zm)⋊ (Sm × Sp(V~a)).
Proof. Let F = F~a,m. Since F0 is stable under the action of W (F ) and the bi-
multiplicative function on F/F0 is also preserved, we have a homomorphism p :
W (F ) −→ Aut(F0)×Sp(V~a). Considering preservation of eigenvalues, one can show
that Im p ⊂ Sm × Sp(V~a) and ker p = Hom(V~a,U(1)m/Zm). Using F = F ′ × Tm
with F ′ is a finite abelian subgroup of PU(n/m) and Tm is a maximal torus of
PU(m), one sees that Im p ⊃ Sm × Sp(V~a). By this we reach the conclusion of the
Proposition. 
By Proposition 2.1, given two positive integers n,m with m | n, the group
SU(n)/〈ωmI〉 possesses a closed abelian subgroup satisfying the condition (∗) if
and only if n | mk for some k ≥ 1.
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3. Projective orthogonal groups
Let G = O(n)/〈−I〉 and π : O(n) −→ O(n)/〈−I〉 be the natural projection.
Given an abelian subgroup F ofG, for any x, y ∈ F , choose A,B ∈ O(n) representing
x, y. Since 1 = [x, y] = π([A,B]), [A,B] = λA,BI for some λA,B = ±1. It is
clear that λA,B depends only on x, y. We define a map m : F × F −→ {±1} by
m(x, y) = λA,B. Then, m is an antisymmetric bimultiplicative function on F . Let
kerm = {x ∈ F : m(x, y) = 1,∀y ∈ F}. As m is a continuous homomorphism
taking values in ±1, one has F0 ⊂ kerm.
Lemma 3.1. If F is a closed abelian subgroup of G satisfying the condition (∗),
then for any x ∈ kerm, there exists y ∈ F0 such that xy ∼ [Ip,n−p] for some integer
p.
Proof. Without loss of generality, we may assume that x = [A] for some
A = diag{−Ip, Iq, An1(θ1), . . . , Ans(θs)},
where 0 < θ1 < · · · < θs < π, p+ q + 2(n1 + · · ·+ ns) = n,
Ak(θ) =
(
cos(θ)Ik sin(θ)Ik
− sin(θ)Ik cos(θ)Ik
)
.
Since x ∈ kerm, we have
F ⊂ O(n)A/〈−I〉 = (O(p)×O(q)×U(n1)× · · ·U(ns))/〈−I〉.
From dim gF0 = dimF , we get π(1 × 1 × Zn1 × · · · × Zns) = Z(O(n)A/〈−I〉)0 ⊂ F0.
Let y = [diag{Ip, Iq, An1(−θ1), . . . , Ans(−θs)}]. Then y ∈ F0 and xy = [Ip,n−p]. 
Let
BF = {x ∈ kerm : A2 = 1,∀A ∈ π−1(x)}.
For an even integer n, let
H2 = 〈[In/2,n/2], [J ′n/2]〉 ⊂ O(n)/〈−I〉.
Then,
(O(n)/〈−I〉)H2 = ∆(O(n/2)/〈−I〉) ×H2,
where ∆(A) = diag{A,A} ∈ O(2m) for any A ∈ O(m). For an integer n with 4 | n,
let
H ′2 = 〈[Jn/2], [Kn/4]〉 ⊂ O(n)/〈−I〉.
Then,
(O(n)/〈−I〉)H′2 = φ(Sp(n/4)/〈−I〉) ×H ′2,
where
φ(A+ iB + jC + kD) =


A C B D
−C A D −B
−B −D A C
−D B −C A


for A+ iB + jC + kD ∈ Sp(n/4).
MAXIMAL ABELIAN SUBGROUPS OF COMPACT MATRIX GROUPS 7
Lemma 3.2. If F is a closed abelian subgroup of G satisfying the condition (∗)
and with BF = 1, then there exists k ∈ Z≥0 such that F = (H2)k ×∆k(F ′), where
n′ = n
2k
= 1 or 2, F ′ = SO(2)/{±I} if n′ = 2, and F ′ = 1 if n′ = 1.
Proof. Since BF = 1, by Lemma 3.1 one has kerm = F0. Then, the induced
function m on F/F0 is nondegenerate. Choose a finite subgroup F
′ of F such that
F = F ′ × F0. Then the function m on F ′ is nondegenerate and we have
F0 ⊂ (O(n)π−1(F ′))/〈−I〉.
Since x2 ∈ kerm = F0 for any x ∈ F , F ′ is an elementary abelian 2-group. Let
2k = rankF ′ = rankF/F0. By [Yu] Proposition 2.12, for a given integer k, the
conjugacy class of F ′ has two possibilities. Precisely, let defeF ′−1 be the difference
between the number of elements of F ′ conjugate to π(In
2
,n
2
) and the number of
elements of F ′ conjugate to π(Jn
2
). Then, defeF ′ 6= 0 and the conjugacy class of F ′
is determined by rankF ′ and sign(defeF ′).
If sign(defeF ′) > 0, then F ′ = (H2)k and
O(n)π
−1(F ′) = ∆k(O(n′))× π−1(F ′),
where n′ = n
2k
and ∆k = ∆ ◦ · · · ◦∆ (k-times). Since F satisfies the condition (∗),
F0 is a maximal torus of O(n
′)/〈−I〉. Moreover, we have n′ = 1 or 2 since otherwise
F0 has an element [A] (A ∈ O(n′)) with A 6= ±I and A2 = I, which forces BF 6= 1.
If sign(defeF ′) < 0, then F ′ = (H2)k−1 ×H ′2 and
O(n)π
−1(F ′) = ∆k−1(Sp(n′))× π−1(F ′),
where n′ = n
2k+1
, ∆k−1 = ∆ ◦ · · · ◦ ∆ ((k − 1)-times) and Sp(n′) ⊂ O(4n′) is an
inclusion given by the map φ described ahead of this lemma. Since F satisfies
the condition (∗), F0 is a maximal torus of Sp(n′)/〈−I〉. We must have n′ = 1
since otherwise BF 6= 1. On the other hand, when n′ = 1, using an element in F0
conjugate to [i], we can find another finite subgroup F ′′ of F such that F = F0×F ′′
and with defeF ′′ > 0. Therefore we return to the case of sign(defeF ′) > 0. 
Proposition 3.1. If F is a closed abelian subgroup of G satisfying the condition
(∗), then there exists k ≥ 0 and s0, s1 ≥ 0 such that n = 2ks0+2k+1s1, dimF0 = s1,
rank(F/ kerm) = 2k and rank(kerm/F0) ≤ max{s0 − 1, 0}.
Proof. Let 2k = rank(F/ kerm). Since BF ⊂ kerm, one has F ⊂ O(n)π−1(BF )/〈−I〉.
By the definition of BF , π
−1(BF ) is an abelian subgroup of O(n) with every element
conjugate to Ip,n−p for some p, 0 ≤ p ≤ n. Hence π−1(BF ) is a diagonalizable
subgroup of O(n). Without loss of generality, we may assume that
O(n)π
−1(BF ) = O(n1)× · · · ×O(ns)
for some positive integers n1, . . . , ns with n1+· · ·+ns = n. Let Fi ⊂ O(ni)/〈−Ini〉 be
the image of the projection of F to O(ni)/〈−Ini〉 and pi : F −→ Fi be the projection.
Each Fi as a subgroup of O(ni)/〈−Ini〉 has a bimultiplicative function mi similar
as the function m on F . An element x ∈ F is of the form x = [(A1, . . . , As)],
Ai ∈ O(ni) for any 1 ≤ i ≤ s. For any other y = [(B1, . . . , Bs)] ∈ F , by the
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definition of the function m, one has [Ai, Bi] = m(x, y)Ini for any i, 1 ≤ i ≤ s.
Hence mi(pi(x), pi(y)) = m(x, y) for any x, y ∈ F . We prove that BFi = 1 for any
i. Suppose this fails. Then F has an element x = [(A1, . . . , As)] with o(Ai) = 2,
Ai 6= ±I and xi = π(Ai) ∈ kermi. Since xi = π(Ai) ∈ kermi, by the equality
mj(pj(x), pj(y)) = m(x, y) for any y ∈ F and any 1 ≤ j ≤ s, we get x ∈ kerm. By
the proof of Lemma 3.1, there exists y = [(B1, . . . , Bs)] ∈ F0 such that Bi = I and
(AjBj)
2 = I for any 1 ≤ j ≤ s. Hence xy ∈ BF . On the other hand, since Bi = I
and Ai 6= ±I,
O(n)π
−1(xy) 6⊃ O(n1)× · · · ×O(ns).
This contradicts that O(n)π
−1(BF ) = O(n1)× · · · ×O(ns).
For any 1 ≤ i ≤ s, since BFi = 1, by Lemma 3.2, one has ni = 2kn′i with n′i = 1
or 2, and the conjugacy class of Fi is uniquely determined by the number k. Let
s0 be the number of indices i with n
′
i = 1 and s1 be the number of indices i with
n′i = 2. Then, n = 2
ks0 + 2
k+1s1. Without loss of generality we may assume that
ni = 2
k if 1 ≤ i ≤ s0, and ni = 2k+1 if s0 + 1 ≤ i ≤ s. Therefore
F0 ⊂ O(n)π−1(BF )/〈−I〉 = (O(n1)× · · · ×O(ns))/〈(−I, . . . ,−I)〉
is conjugate to 1s0×SO(2)s1 if s0 > 0, or to SO(2)s1/〈(−I, . . . ,−I)〉 if s0 = 0. Hence
dimF = s1. Without loss of generality we may assume that F0 = 1
s0 × SO(2)s1 if
s0 > 0, and F0 = SO(2)
s1/〈(−I, . . . ,−I)〉 if s0 = 0. Hence BF ∩F0 = 1s0×{±1}s1 if
s0 > 0, and {BF ∩F0 = ±1}s1/〈(−I, . . . ,−I)〉 if s0 = 0. Therefore rank(BF ∩F0) =
s1 − δs0,0. Moreover
rank(kerm/F0)
= rank(BFF0/F0)
= rank(BF /BF ∩ F0)
= rankBF − rank(BF ∩ F0)
= rankBF − (s1 − δs0,0)
≤ s0 + s1 − 1− (s1 − δs0,0)
= s0 − 1 + δs0,0
= max{s0 − 1, 0}.

As in the above proof, let Fi be the image of F under the projection pi :
O(n)π
−1(BF ) −→ O(ni)/〈−I〉. For 1 ≤ i ≤ s0, Fi is an elementary abelian 2-
subgroup, which means A2i = ±I if Ai is the i-th component of A for an element
x = [A] ∈ F . Define µi : F −→ {±1} by A2i = µi(x)I. Since pi(kerm) = 1 if
1 ≤ i ≤ s0, µi descends to a map F/ kerm −→ {±1}. Moreover pi : F/ kerm −→ Fi
is an isomorphism transferring (m,µi) to (mi, µ). In this way, we get a linear struc-
ture (m,µ1, · · · , µs0) on F/ kerm. Note that, each µi is compatible with m, i.e., we
have m(x, y) = µi(x)µi(y)µi(xy) for any x, y ∈ F ; and as the proof of Lemma 3.2
shows, (F/ kerm,m,µi) ∼= V0,k;0,0 for each 1 ≤ i ≤ s0 (cf. [Yu] Subsection 2.4).
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Definition 3.1. A finite-dimensional vector space V over the field F2 = Z/2Z is
called a multi-symplectic metric space if it is associated with a map m : V ×V −→ F2
and maps
µ1, µ2, . . . , µs : V −→ F2
such that: m(x, x) = 0, m(x, y) = m(y, x) and m(x+ y, z) = m(x, z)m(y, z) for any
x, y, z ∈ F ; and m(x, y) = µi(x)+µi(y)+µi(xy) for any x, y ∈ V and 1 ≤ i ≤ s. Two
multi-symplectic metric spaces (V,m, µ1, . . . , µs) and (V
′,m′, µ′1, . . . , µ
′
s) are called
isomorphic if there exists a linear space isomorphism f : V −→ V ′ transferring
(V,m, µ1, . . . , µs) to (V
′,m′, µ′i1 , . . . , µ
′
is
) for a permutation i1, i2, . . . , is of 1, 2, . . . , s.
Denote by Aut(V,m, µ1, . . . , µk) the group of linear isomorphisms f : V −→ V which
is also an isomorphism as multi-symplectic metric space.
Note that, in the above definition the order among µ1, µ2, . . . , µs is overlooked.
Proposition 3.2. The conjugacy class of a closed abelian subgroup F of G satisfying
the condition (∗) is determined by the integer k = 12 rank(F/ kerm), the conjugacy
class of the subgroup BF , and the linear structure (m,µ1, · · · , µs0) on F/ kerm.
Proof. Without loss of generality we may assume that
O(n)π
−1(BF ) = O(n1)× · · · ×O(ns)
for some positive integers n1, . . . , ns with n1 + · · · + ns = n; moreover, ni = 2k if
1 ≤ i ≤ s0, and ni = 2k+1 if s0 + 1 ≤ i ≤ s. By Lemma 3.2, (Fi)0 = 1 if 1 ≤ i ≤ s0,
and (Fi)0 ∼= SO(2)/〈−I〉 if s0 + 1 ≤ i ≤ s. We may assume that the subgroup BF
and the maps µi : F −→ {±1}, 1 ≤ i ≤ s0 are given. From these we determine the
subgroup F up to conjugacy. The conjugacy class of each Fi is uniquely determined.
The issue is how to match them. For an x ∈ F , let x = [(A1, . . . , As0 , As0+1, . . . , As)],
where Ai ∈ O(ni) for any 1 ≤ i ≤ s. For 1 ≤ i ≤ s0, the conjugacy of Ai is
determined by µi(x). For s0+1 ≤ i ≤ s, as Fi/(Fi)0 is an elementary abelian 2-group
with a nondegenerate bimultiplicative function mi and (Fi)0 is a one-dimensional
torus, we can modify Ai to make it conjugate to I2k,2k or J2k . Inductively, we
construct elements x1, · · · , x2k of F generating F/ kerm with m(xj1 , xj2) = 1 if and
only if {j1, j2} = {2j−1, 2j} for some 1 ≤ j ≤ k, such that the conjugacy class of the
tuple (x1, · · · , x2k) is determined by µ1, µ2, . . . , µs0 . Since F = 〈BF , F0, x1, . . . , x2k〉,
the conjugacy class of F is determined accordingly. 
Proposition 3.3. If F is a closed abelian subgroup of G satisfying the condition
(∗), then F is an elementary abelian 2-subgroup if and only if s0 = s and µi = µj
for any 1 ≤ i, j ≤ s0. If F is a maximal abelian subgroup, then rank(kerm/F0) =
max{s0 − 1, 0}; if rank(kerm/F0) = max{s0 − 1, 0} and (s0, s1) 6= (2, 0), then F is
a maximal abelian subgroup.
Proof. The first statement is clear. For the second statement, one has
F ⊂ (O(n)BF /〈−I〉)F0 ∼= (O(2k)s0 ×U(2k)s1)/〈(−I, . . . ,−I)〉.
Hence {±I}s0 × (Z2k)s1/〈(−I, . . . ,−I)〉 ⊂ CG(F ). If F is a maximal abelian sub-
group, then {±I}s0 × (Z2k)s1/〈(−I, . . . ,−I)〉 ⊂ F . Furthermore one has
{±I}s0 × (Z2k)s1/〈(−I, . . . ,−I)〉 ⊂ kerm.
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Thus rank(kerm/F0) = max{s0 − 1, 0}. Without loss of generality we may assume
that π−1(F0) = 12
ks0 ×∆k(SO(2))s1 . Then,
CG(F0) = (O(2
ks0)×U(2k)s1)/〈(−I, . . . ,−I)〉.
If rank(kerm/F0) = max{s0 − 1, 0}, we may and do assume that BF = {±I2k}s0 ×
(±I2k+1)s1 . While (s0, s1) 6= (2, 0) or (0, 1), one has n 6= 2k+1 and hence I2k,n−2k 6∼
−I2k,n−2k . Thefore
CG(kerm)
= (CG(F0))
BF
= ((O(2ks0)×U(2k)s1)/〈(−I, . . . ,−I)〉)BF
= (O(2k)s0 ×U(2k)s1)〈(−I, . . . ,−I)〉.
Since each Fi is a maximal abelian subgroup and the function m on F/ kerm is
nondegenerate, one has
CG(F )
=
(
(O(2k)s0 ×U(2k)s1)/〈(−I, . . . ,−I)〉)F
= 〈F,Z((O(2k)s0 ×U(2k)s1)/〈(−I, . . . ,−I)〉)〉
= 〈F, ({±I2k}s0 × (∆k(U(1)))s1)/〈(−I, . . . ,−I)〉〉
= 〈F, kerm〉
= F.
Thus F is a maximal abelian subgroup. If (s0, s1) = (0, 1), F is clearly a maximal
abelian subgroup. 
When (s0, s1) = (2, 0), one can show that F is a maximal abelian subgroup if and
only if it is not an elementary abelian 2-subgroup.
In the below we describe Weyl groups of maximal abelian subgroups of G. Given
a maximal abelian subgroup F of G, by Proposition 3.1, we associate a function
m : F × F −→ {±1}, integers k, s, s0, s1 = s − s0 with n = 2ks0 + 2k+1s1 and
maps µ1, µ2, . . . , µs0 : F −→ {±1}. Denote by Fk,m,~µ a maximal abelian subgroup
of G like this, where ~µ means the unordered tuple (µ1, µ2, . . . , µs0). For a map
µ : F −→ {±1}, let aµ be the number of indices i, 1 ≤ i ≤ s0 such that µi = µ.
Denote by S~µ =
∏
µ Saµ .
Proposition 3.4. There is an exact sequence
1 −→ Hom(F/ kerm,BF )⋊ S~µ −→W (Fk,m,~µ)
−→ Aut(F/ kerm,m, ~µ)× ({±1}s1 ⋊ Ss1)
−→ 1.
Proof. Let F = Fk,m,~µ. The induced action ofW (F ) on F/ kerm preserves m and ~µ.
Hence there is a homomorphism p :W (F ) −→ Aut(F/ kerm,m, ~µ)×W (F0), which is
apparently a surjective map. It is clear thatW (F0) ∼= {±1}s1⋊Ss1 . There is another
homomorphism p′ : ker p −→ W (kerm). The image p′(w) for an element w ∈ ker p
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is determined by the action of w on the first s0-components of BF , which induces a
permutation on the s0 components isomorphic to O(2
k) of O(n)π
−1(BF ) and hence
a permuatution of the indices {1, 2, . . . , s0}, denoted by σ. Since w acts trivially on
F/ kerm, µσ(i) = µi for each 1 ≤ i ≤ s0. Therefore Im p′ ⊂ ({±1}s1⋊Ss1)×
∏
µ Saµ .
It is clear that ker p′ ⊂ Hom(F/ kerm, kerm). Moreover considering the preservation
of eigenvalues, one shows ker p′ ⊂ Hom(F/ kerm,BF ). From the description of F
as in the proof of Proposition 3.3, one can show that
ker p = Hom(F/ kerm,BF )⋊ S~µ.
We reach the conclusion of the proposition. 
For a general closed abelian subgroup F of G satisfying the condition (∗), CG(F )
is not necessarily an abelian subgroup and the description of W (F ) is more compli-
cated.
As an illustration of the classification of maximal abelian subgroups of O(n)/〈−I〉,
we classify multi-symplectic metric spaces while s = 2 or 3.
Proposition 3.5. Given a vector space V of dimension 2k over the field F2 with a
nondegenerate bilinear form m, for any k ≥ 1, there exist two isomorphism classes of
multi-symplectic metric spaces (V,m, µ1, µ2) such that (V,m, µi) ∼= V0,k;0,0, i = 1, 2;
for any k ≥ 2, there exist four isomorphism classes of multi-symplectic metric spaces
(V,m, µ1, µ2, µ3) such that (V,m, µi) ∼= V0,k;0,0, i = 1, 2, 3.
Proof. For s = 2, we have two cases to consider according to µ1 = µ2 or µ1 6= µ2.
While µ1 = µ2, there exists a unique isomorphism class since (V,m, µ1) ∼= V0,k;0,0.
While µ1 6= µ2, since µ1, µ2 are both compatible with m, µ2µ−11 : V −→ F2 is a
homomorphism. Let V ′ = ker(µ2µ−11 ). Then V
′ ⊂ V is a subspace of codimension
one. Thus rank(ker(m|V ′)) = 1 and defe(V ′, µ1) = 12(defe(V, µ1) + defe(V, µ2)) >
0. Hence (V ′,m|V ′ , µ1|V ′) ∼= V1,k−1;0,0 (cf. [Yu] Proposition 2.29). Therefore the
isomorphism class of (V,m, µ1, µ2) is determined uniquely.
For s = 3, we have three cases to consider: µ1 = µ2 = µ3; µ1 = µ2 6= µ3;
µ1 6= µ2, µ3 and µ2 6= µ3. While µ1 = µ2 = µ3, there is a unique isomorphism
class since (V,m, µ1) ∼= V0,k;0,0. While µ1 = µ2 6= µ3, similarly as the above proof
for s = 2 and in the case of µ1 6= µ2, we get a unique isomorphism class. While
µ1 6= µ2, µ3 and µ2 6= µ3, let V ′ = ker(µ2µ−11 )∩ker(µ3µ−11 ). Then V ′ is a subspace of
codimension two of V . There are two cases according to m|V ′ is degenerate or not.
In the case of m|V ′ is nondegenerate, let V ′′ = {x ∈ V : m(x, y) = 0,∀y ∈ V ′}. Then
V = V ′ ⊕ V ′′ and m|V ′′ is also nondegenerate. Since µ1|V ′ = µ2|V ′ = µ3|V ′ , one has
defe(V ′′, µ1|V ′′) = defe(V ′′, µ2|V ′′) = defe(V ′′, µ3|V ′′). If defe(V ′′, µ1|V ′′) < 0, then
µ1|V ′′ = µ2|V ′′ = µ3|V ′′ and so µ1 = µ2 = µ3, which contradicts the assumption. If
defe(V ′′, µ1|V ′′) > 0, then (µ1|V ′′ , µ2|V ′′ , µ3|V ′′) has only one possibility if the order
among them is overlooked. Hence we get one isomorphism type of (V,m, µ1, µ2, µ3)
in this case. In the case of m|V ′ is degenerate, choose V ′′′ ⊂ V ′ such that V ′ =
V ′′′⊕ker(m|V ′) and let V ′′ = {x ∈ V : m(x, y) = 0,∀y ∈ V ′′′}. Then, V = V ′′′⊕V ′′,
m|V ′′′ , m|V ′′ are nondegenerate, and dimV ′′ = 4. One can show that defeV ′′′ > 0
and defe(µ1|V ′′) > 0. Moreover we can find generators x1, y1, x2, y2 of V ′′ such that
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V ′′ = 〈x1, y1〉 ⊕ 〈x2, y2〉 as a symplectic vector space,
(µ1(x1), µ1(x2), µ1(y1), µ1(y2)) = (1, 1, 1, 1),
(µ2(x1), µ2(x2), µ2(y1), µ2(y2)) = (1, 1, 1,−1),
(µ3(x1), µ3(x2), µ3(y1), µ3(y2)) = (1, 1,−1, 1).
Thus we get one isomorphism class of (V,m, µ1, µ2, µ3) in this case. 
4. Projective symplectic groups
Let G = Sp(n)/〈−I〉 and π : Sp(n) −→ Sp(n)/〈−I〉 be the natural projection.
The classification of abelian subgroups of Sp(n)/〈−I〉 satisfying the condition (∗) is
similar as the classification in the O(n)/〈−I〉 case. We give the main steps below,
but omit some proofs. First we define a map m : F × F −→ {±1}. For any
x = [A], y = [B] ∈ F , if [A,B] = λA,BI, then m(x, y) = λA,B. Hence m is an
antisymmetric bimultiplicative function on F . Let
kerm = {x ∈ F |m(x, y) = 1,∀y ∈ F}.
Lemma 4.1. If F is a closed abelian subgroup of G satisfying the condition (∗),
then for any x ∈ kerm, there exists y ∈ F0 such that xy ∼ [Ip,n−p] for some p,
0 ≤ p ≤ n.
Let
BF = {x ∈ kerm : A2 = 1,∀A ∈ π−1(x)}.
It is a subgroup of kerm. By Lemma 4.1, kerm = BFF0. Let
H2 = 〈[In/2,n/2], [J ′n/2]〉
and
H ′2 = 〈iI, jI〉.
Lemma 4.2. If F is a closed abelian subgroup of G satisfying the condition (∗) and
with BF = 1, then either n = 1 and F is a maximal torus, or there exists k ≥ 1 such
that F = (H2)
k−1 ×H ′2 ×∆k−1(F ′), where n′ = n2k−1 = 1 or 2, F ′ = SO(2)/{±I} if
n′ = 2, and F ′ = 1 if n′ = 1.
Proof. Let 2k = rankF/ kerm. By Lemma 4.1, kerm = BFF0 = F0 as we suppose
that BF = 1. If k = 0, then F = F0 and it is a maximal torus of G. In this case
n = 1 since it is assumed that BF = 1. If k ≥ 1, choosing a complement F ′ of
F0 in F , then F0 is a maximal torus of (Sp(n)/〈−I〉)F ′ . Since the bimultiplicative
function m is nondegenerate on F/ kerm = F/F0, it is nondegenerate on F
′. By
[Yu] Proposition 2.16, we have F ′ = (H2)k−1 ×H ′2 or F = (H2)k. Similarly as the
proof of Lemma 3.2, in the second case, we can show that dimF > 0. Choosing
some [A] ∈ F0 with A ∈ Sp(n) and A2 = −I, we may replace F ′ by a different finite
subgroup conjugate to (H2)
k−1 ×H ′2 and hence return to the first case. In the first
case, we have (Sp(n)/〈−I〉)F ′ ∼= O(n/2k−1)/〈−I〉. Therefore n/2k−1 = 1 or 2 since
F0 is a maximal torus of O(n/2
k−1)/〈−I〉 and it is assumed that BF = 1. 
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Proposition 4.1. If F is a closed abelian subgroup of G satisfying the condition
(∗), then either F is a maximal torus of G, or there exists k ≥ 1, s0, s1 ≥ 0 such
that n = 2k−1s0 + 2ks1, dimF0 = s1, rankF/ kerm = 2k and rank(kerm/F0) ≤
max{s0 − 1, 0}.
The proof is similar as that of Proposition 3.1. Note that we could regard the case
of F being a maximal torus as the case of k = 0, s0 = 0 and s1 = n. By Proposition
4.1, any abelian subgroup of Sp(n) satisfying the condition (∗) is a maximal torus;
in particular Sp(n) has no finite abelian subgroups satisfying the condition (∗).
Given an abelian subgroup F of G satisfying the condition (∗), the centralizer
Sp(n)π
−1(BF ) possesses a blockwise decomposition
Sp(n)π
−1(BF ) ∼ Sp(n1)× · · · × Sp(ns).
Let Fi be the image of F under the i-th projection pi : Sp(n)
π−1(BF ) → Sp(ni)/〈−I〉.
If F is not a maximal torus, by Lemma 4.2 and Proposition 4.1, we may assume
that ni = 2
k−1 if 1 ≤ i ≤ s0, and ni = 2k if s0 + 1 ≤ i ≤ s. For 1 ≤ i ≤ s0, define
µi : F/ kerm −→ {±1} by µi(x) = µ(pi(x)), x ∈ F . As pi(kerm) = 1, µi is well
defined. Moreover pi : F/ kerm −→ Fi is an isomorphism transferring (m,µi) to
(mi, µ). In this way, we get a linear structure (m,µ1, · · · , µs0) on F/ kerm. Note
that, each µi is compatible with m, i.e., m(x, y) = µi(x)µi(y)µi(xy) for any x, y ∈ F .
Moreover by Lemma 4.2, one has (F/ kerm,m,µi) ∼= V0,k−1;0,1 (cf. [Yu], Subsection
2.4) for each 1 ≤ i ≤ s0.
Proposition 4.2. The conjugacy class of a closed abelian subgroup F of G satisfying
the condition (∗) is determined by the integer k = 12 rank(F/ kerm), the conjugacy
class of the subgroup BF , and the linear structure (m,µ1, · · · , µs0) on F/ kerm.
The proof is along the same line as that of Proposition 3.2.
Proposition 4.3. If F is a closed abelian subgroup of G satisfying the condition
(∗), then it is an elementary abelian 2-subgroup if and only if s0 = s and µi = µj for
any 1 ≤ i, j ≤ s0. If F is a maximal abelian subgroup of G, then rank(kerm/F0) =
max{s0 − 1, 0}; if rank(kerm/F0) = max{s0 − 1, 0} and (s0, s1) 6= (2, 0), then F is
a maximal abelian subgroup.
The proof is similar as that of Proposition 3.3.
The description of Weyl groups is also similar as orthogonal groups case. Given
a maximal abelian subgroup F of G, by Proposition 4.1, we associate a function
m : F × F → {±1}, integers k, s, s0, s1 = s − s0 with n = 2ks0 + 2k+1s1 and
maps µ1, µ2, . . . , µs0 : F −→ {±1}. Denote by Fk,m,~µ a maximal abelian subgroup
of G like this, where ~µ means the unordered tuple (µ1, µ2, . . . , µs0). For a map
µ : F −→ {±1}, let aµ be the number of indices i, 1 ≤ i ≤ s0 such that µi = µ.
Denote by S~µ =
∏
µ Saµ .
Proposition 4.4. There is an exact sequence
1 −→ Hom(F/ kerm,BF )⋊ S~µ −→W (Fk,m,~µ)
−→ Aut(F/ kerm,m, ~µ)× ({±1}s1 ⋊ Ss1)
−→ 1.
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5. Twisted projective unitary groups
For an integer n ≥ 2, let G = PU(n) ⋊ 〈τ0〉, where τ0 = complex conjugation.
Then, τ20 = 1 and τ0([A])τ
−1
0 = [A] for any A ∈ U(n). One knows that Aut(su(n)) ∼=
G if n ≥ 3. Define G = U(n) ⋊ 〈τ〉, τ2 = 1 and τAτ−1 = A for any A ∈ U(n).
Let π : G −→ G be the adjoint homomorphism. Then kerπ = Zn. Let G˜ =
(U(n)/〈−I〉)⋊ 〈τ〉 be a group with τ2 = 1 and τ [A]τ−1 = [A] for any A ∈ U(n). Let
π′ : G˜ −→ G and p : G −→ G˜ be the natural projections. Then, π′ ◦ p = π.
Given an abelian subgroup F of G, let HF = F ∩ G0. Define a map m : HF ×
HF −→ U(1) by m(x, y) = λ if x = π(A), y = π(B), A,B ∈ U(n) and [A,B] = λI.
It is clear that m is well defined and it is an antisymmetric bimultiplicative function
on HF . Let
kerm = {x ∈ HF : m(x, y) = 1,∀y ∈ HF}.
Lemma 5.1. If F is a closed abelian subgroup of G not contained in G0, then
m(x, y) = ±1 for any x, y ∈ HF , and u2 ∈ kerm for any u ∈ F − F ∩G0.
Proof. For x, y ∈ HF and u ∈ F − F ∩G0, let
x = π(A), y = π(B), u = π(C),
A,B ∈ U(n), C ∈ τ U(n). Since F is abelian,
CAC−1 = λ1A, CBC−1 = λ2B, ABA−1B−1 = λI
for some complex numbers λ1, λ2, λ ∈ U(1). One has
λI = [A,B] = [λ1A,λ2B]
= [CAC−1, CBC−1] = C[A,B]C−1
= C(λI)C−1 = λ−1I.
Hence m(x, y) = λ = ±1. On the other hand,
C2B(C2)−1 = C(CBC−1)C−1
= C(λ2B)C
−1 = C(λ2I)C−1(CBC−1)
= (λ−12 I)(λ2B) = B,
so u2 ∈ kerm. 
Choose an u ∈ F−F∩G0 and let u = π(C), C ∈ τ U(n). For any A ∈ π−1(kerm),
since F is abelian, [C,A] = λI for some complex number λ ∈ U(1). As we assume
that A ∈ π−1(kerm), λ does not depend on the choice of u and C. Let
ν : π−1(kerm) −→ U(1)
be defined by ν(A) = λ. It is a group homomorphism.
Lemma 5.2. The map π : ker ν/〈−I〉 −→ kerm is an isomorphism.
Proof. For any x ∈ kerm, choosing A ∈ π−1(x), then [C,A] = λ2I for some λ ∈
U(1). By this one has [C, λA] = [C, λI][C,A] = λ−2λ2I = I. Thus λA ∈ π−1(x) ∩
ker ν and hence π : ker ν/〈−I〉 −→ kerm is surjective. On the other hand, if π([A]) =
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1, then A = λI for some λ ∈ U(1) and [C,A] = I. Thus I = [C,A] = [C, λI] = λ−2I.
Therefore A = ±I and hence π : ker ν/〈−I〉 −→ kerm is injective. 
Let BF = {A ∈ ker ν : A2 = I}. Note that, here we define BF as a subgroup of G,
rather than a subgroup of G. The following lemma indicates that kerm = π(BF )F0.
Lemma 5.3. If F is a closed abelian subgroup of G satisfying the condition (∗) and
being not contained in G0, then for any x ∈ kerm, there exists y ∈ F0 such that
xy ∈ π(BF ).
Proof. Choose an A ∈ ker ν ∩ π−1(x). Since A ∈ ker ν, one has [C,A] = I. Hence A
and τAτ−1 = A are similar matrices. By this the multiplicity of an eigenvalue λ of
A is equal to the multiplicity of the eigenvalue λ of A. We may assume that
A = diag{−Ip, Iq, An1(θ1), . . . , Ans(θs)},
where 0 < θ1 < · · · < θs < π, p+ q + 2(n1 + · · ·+ ns) = n,
Ak(θ) =
(
cos(θ)Ik sin(θ)Ik
− sin(θ)Ik cos(θ)Ik
)
.
Since A ∈ ker ν, one has
π−1(F ) ⊂ GA = (U(p)×U(q)× L1 × · · · × Ls)⋊ τ,
where
Li = {
(
X Y
−Y X
)
∈ U(2ni) : X,Y ∈ M(ni,C)},
1 ≤ i ≤ s. It holds that (GA)0 ⊃ 1× 1× Z ′n1 × · · · × Z ′ns , where
Z ′ni = {
(
cos(θ)Ini sin(θ)Ini
− sin(θ)Ini cos(θ)Ini
)
: 0 ≤ θ ≤ 2π}.
Since F satisfies the condition (∗), one has π((GA)0) ⊂ F0. Let
y = π(diag{Ip, Iq, An1(−θ1), . . . , Ans(−θs)}).
Then y ∈ F0 and xy ∈ π(BF ). 
The following lemma is well known, a proof of it could be found in [BtD], Page
177.
Lemma 5.4. Let G be a compact (not necessarily connected) Lie group and x ∈ G
be an element. If T is a maximal torus of (Gx)0, then any other element y of xG0
is conjugate to an element in xT and any maximal torus of (Gy)0 is conjugate to T .
For an even integer n, let H2 = 〈[In/2,n/2], [J ′n/2]〉 ⊂ PU(n). Then,
((U(n)/Zn)⋊ 〈τ0〉)H2 = (∆(U(n/2)/Zn/2)⋊ 〈τ0〉)×H2,
where ∆(A) = diag{A,A} ∈ U(2m) for any A ∈ U(m).
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Lemma 5.5. Let F be a closed abelian subgroup of G satisfying the condition (∗)
and being not contained in G0. If BF = {±I}, then there exists k ∈ Z≥0 such
that F = (H2)
k × ∆k(F ′), where F ′ is a maximal torus of (U(n′)/Zn′) ⋊ 〈τ0〉 and
n′ = n
2k
= 1 or 2.
Proof. Since BF = {±I}, one has kerm = F0 by Lemma 5.3. Then, the induced
function m on HF/F0 is nondegenerate. Let 2k = rank(HF / kerm). Choosing a
finite subgroup F ′ of HF such that HF = F ′ × F0, then the function m on F ′ is
nondegenerate. Thus F ′ is an elementary abelian 2-group by Lemma 5.1. By [Yu],
Proposition 2.4, any non-identity element of F ′ is conjugate to π(In
2
,n
2
) and the
conjugacy class of F ′ is uniquely determined by k = 12 rankF
′. Hence F ′ ∼ (H2)k.
Substituting F by a subgroup conjugate to it if necessary, we may assume that
CG(F
′) = F ′ ×∆k((U(n′)/Zn′)⋊ 〈τ0〉),
where n′ = n
2k
. Then, there exists τ ′ ∈ F −HF such that
〈F0, τ ′〉 ⊂ (U(n′)/〈Zn′〉)⋊ 〈τ0〉.
Since F satisfies the condition (∗), F0 is a maximal torus of (U(n′)/Zn′)τ ′ . By Propo-
sition 5.4, F0 is conjugate to a maximal torus of SO(n
′) (if 2 ∤ n) or SO(n′)/〈−I〉
(if 2|n′). As it is assumed that BF = {±I}, one has n′ = 1 or 2. We reach the
conclusion of the proposition. 
Lemma 5.6. If F is an abelian subgroup of G not contained in G0, then there exists
an abelian subgroup F ′ of G˜ such that π′(F ′) = F and F ′ ∩ (Zn /〈−I〉) = 〈iI〉/〈−I〉.
Given F , F ′ is determined up to conjugation by an element in Zn /〈−I〉.
Proof. By Lemma 5.3, m(x, y) = ±1 for any x, y ∈ HF . Hence π′−1(HF ) is an
abelian subgroup of U(n)/〈−I〉. Choose any u ∈ π′−1(F −HF ) and let
F ′ = 〈(π′−1(HF ))u, u〉 ⊂ (U(n)/〈−I〉) ⋊ 〈τ〉.
For any x′ ∈ π′−1(HF ), since F is abelian, one has ux′u−1x′−1 = [λ2I] for some
λ ∈ U(1). Then u(λx′)u−1 = λx′ and hence λx′ ∈ F ′. Therefore π(F ′) = F .
If [λI] ∈ F ′ ∩ (Zn /〈−I〉), then [λI] = u[λI]u−1 = [λ−1I]. Thus [λI] = 1 or [iI]
and hence F ′ ∩ (Zn /〈−I〉) = 〈iI〉/〈−I〉. For a subgroup F ′ of (U(n)/〈−I〉) ⋊ 〈τ〉
satisfying the conditions in the proposition, choose x ∈ F−HF and u ∈ F ′∩π′−1(x).
Since [λI]u[λI]−1 = [λ2I]u, the conjugacy class of u is determined up to conjugation
by an element in Zn /〈−I〉. Fixing u, for any y ∈ HF and y′ ∈ π′−1(y), if y′ and
[λI]y′ both commute with u, then
1
= u([λI]y′)u−1([λI]y′)−1
= (u[λI]u−1[λI]−1)[λI](uy′u−1y′−1)[λI]−1
= [λ−2I][λI][λI]−1
= [λ−2I].
Hence [λI] = 1 or [iI]. As [iI] ∈ F ′, F ′ is determined by u. Therefore the conjugacy
class of F ′ is determined up to conjugation by an element in Zn /〈−I〉. 
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In this correspondence, one can show that F satisfies the condition (∗) if and only
if F ′ satisfies it; F is a maximal abelian subgroup if and only if F ′ is. Denote by
HF ′ = F
′ ∩ G˜.
Given a closed abelian subgroup F of G satisfying the condition (∗) and being
not contained in G0, by Lemma 5.6, F lifts to an abelian subgroup F
′ of G˜ =
(U(n)/〈−I〉) ⋊ 〈τ〉 satisfying the condition (∗) and being not contained in G˜0. We
define an antisymmetric bimultiplicative function m′ : HF ′ × HF ′ −→ {±1} and a
homomorphism ν ′ : kerm′ −→ {±1} by [A,B] = m′(x, y)I, [C,A′] = ν ′(x′)I for
x = [A], y = [B] ∈ HF ′, x′ = [A′] ∈ kerm′, u = [C] ∈ F ′ − HF ′ . Note that
ν ′([iI]) = −1. Hence
kerm′ = ker ν ′ × 〈[iI]〉.
Let BF ′ = {x ∈ ker ν ′ : A2 = I,∀A ∈ p−1(x)}. Similarly as Lemma 5.3, one can
show that
ker ν ′ = BF ′F0.
It is clear that BF ′ = p(BF ). The following lemma is analogous to Lemma 5.5,
which follows from Lemmas 5.5 and 5.6.
Lemma 5.7. Let F ′ be a closed abelian subgroup of G˜ satisfying the condition (∗)
and being not contained in G˜0. If BF ′ = 1, then there exists k ∈ Z≥0 such that
F = (H2)
k × 〈[iI]〉 ×∆k(F ′), where n′ = n
2k
= 1 or 2, F ′ = SO(2)/{±I} × 〈τ0〉 if
n′ = 2, and F ′ = 〈τ0〉 if n′ = 1.
Without loss of generality, we may assume that
(G)BF = (U(n1)× · · ·U(ns))⋊ 〈τ〉
for some positive integers n1, . . . , ns with n1 + · · · + ns = n. Let F ′i be the image
of the projection of F ′ to (U(ni)/〈−I〉) ⋊ 〈τ〉 and pi : F ′ → (U(ni)/〈−I〉) ⋊ 〈τ〉
be the projection map. One can show that BF ′i = 1 for each i, 1 ≤ i ≤ s. Let
k = 12 rank(HF ′/ kerm
′). By Lemma 5.7, ni = 2k or 2k+1. We may assume that
n1 = n2 = · · · = ns0 = 2k, ns0+1 = · · · = ns = 2k+1. For 1 ≤ i ≤ s0, define µi :
HF ′/ ker ν
′ −→ {±1} by µi(x) = µ(pi(x)). That is, for x = [(A1, A2, . . . , As)] ∈ HF ′,
one has A2i = µi(x)I for 1 ≤ i ≤ s0. As pi(ker ν ′) = 1, µi is well defined. Moreover
pi : HF ′/ ker ν
′ −→ HF ′i is an isomorphism transferring (m,µi) to (mi, µ). In this
way, we define a linear structure (m,µ1, · · · , µs0) on HF ′/ ker ν ′. Note that, each µi
is compatible with m′, i.e.,
m′(x, y) = µi(x)µi(y)µi(xy)
for any x, y ∈ HF ′ . By Lemma 5.7, as a symplectic metric space one has (cf. [Yu],
Subsection 2.4)
(HF ′/ ker ν
′,m,′′ µi) ∼= V0,k;1,0
for any i, 1 ≤ i ≤ s0.
Proposition 5.1. The conjugacy class of a closed abelian subgroup F ′ of G˜ sat-
isfying the condition (∗) is determined by the integer k = 12 rank(HF ′/ kerm′), the
conjugacy class of the subgroup BF ′, and the linear structure (m
′, µ1, · · · , µs0) on
HF ′/ ker ν
′.
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Proof. Without loss of generality we may assume that
G
BF = (U(n1)× · · · ×U(ns))⋊ 〈τ〉
for some positive integers n1, . . . , ns with n1 + · · · + ns = n; moreover, ni = 2k if
1 ≤ i ≤ s0, and ni = 2k+1 if s0 + 1 ≤ i ≤ s, where F = π′(F ′). By Lemma 5.5,
(F ′i )0 = 1 if 1 ≤ i ≤ s0, and (F ′i )0 ∼= SO(2)/〈−I〉 if s0 + 1 ≤ i ≤ s. We may assume
that the subgroup BF ′ and the maps µi : HF ′/ ker ν
′ → {±1}, 1 ≤ i ≤ s0 are given.
From these we determine the subgroup F ′ up to conjuagacy. The conjugacy class
of each F ′i is uniquely determined by Lemma 5.7. The issue is how to match them.
For an x ∈ HF ′, let x = [(A1, . . . , As0 , As0+1, . . . , As)], where Ai ∈ U(ni), 1 ≤ i ≤ s,
we have A2i = µi(x)I if 1 ≤ i ≤ s0 and A2i ∈ (F ′i )0 if s0 + 1 ≤ i ≤ s. For 1 ≤ i ≤ s0,
the conjugacy of Ai is determined by µi(x). For s0 + 1 ≤ i ≤ s, as F ′i/(F ′i )0 is an
elementary abelian 2-group with a nondegenerate bimultiplicative function m′i and
(F ′i )0 is a one-dimensional torus, we can modify Ai to make it conjugate to I2k,2k or
J2k . Inductively, we construct elements x1, · · · , x2k of HF ′ generating HF ′/ kerm′
with m(xj1 , xj2) = 1 if and only if {j1, j2} = {2j − 1, 2j} for some 1 ≤ j ≤ k, such
that the conjugacy class of the tuple (x1, · · · , x2k) is determined by µ1, µ2, . . . , µs0 .
In this way HF ′ = 〈F ′0, BF ′ , [iI], x1, . . . , x2k〉 is determined accordingly. Since
p−1(F ′) ⊂ GBF = (U(n1)× · · · ×U(ns))⋊ 〈τ〉.
Fixing HF ′ , the conjugacy class of an element η ∈ F ′ − HF ′ as an element of
p(G
BF ) is determined uniquely modulo HF ′. Therefore the conjugacy class of F
′ is
determined. 
Remark 5.1. From the above proof, one sees that F always contains an automor-
phism of order 2 or 4. There should be a criterion of when F contains an outer
involution in terms of ~µ = (µ1, · · · , µs0).
The following two propositions are analogues of Propositions 3.1 and 3.3, which
could also be proved along the same line.
Proposition 5.2. If F is a closed abelian subgroup of G satisfying the condition (∗)
and being not contained in G0, then there exists integers k ≥ 0 and s0, s1 ≥ 0 such
that n = 2ks0 + 2
k+1s1, dimF0 = s1, rank(HF/ kerm) = 2k and rank(kerm/F0) ≤
max{s0 − 1, 0}.
Proposition 5.3. If F is a closed abelian subgroup of G satisfying the condition
(∗), then it is an elementary abelian 2-subgroup if and only if s0 = s and µi = µj
for any 1 ≤ i, j ≤ s0. If F is a maximal abelian subgroup, then rank(kerm/F0) =
max{s0 − 1, 0}; if rank(kerm/F0) = max{s0 − 1, 0} and (s0, s1) 6= (2, 0), then it is
a maximal abelian subgroup.
Given a maximal abelian subgroup F ′ of G˜, by Proposition 5.1, we associate a
functionm′ : HF ′×HF ′ −→ {±1}, integers k, s, s0, s1 = s−s0 with n = 2ks0+2k+1s1
and maps µ1, µ2, . . . , µs0 : HF ′/ ker ν
′ −→ {±1}. Denote by F ′k,m′,~µ a maximal
abelian subgroup of G˜ like this and Fk,m′,~µ = π
′(F ′k,m′,~µ) be the corresponding max-
imal abelian subgroup of G. where ~µ means the unordered tuple (µ1, µ2, . . . , µs0).
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For a map µ : HF ′ −→ {±1}, let aµ be the number of indices i, 1 ≤ i ≤ s0 such
that µi = µ. Denote by S~µ =
∏
µ Saµ . The following proposition describes the Weyl
groups of maximal abelian subgroups of G.
Proposition 5.4. For Let F ′ = F ′k,m′,~µ and F = Fk,m′,~µ, there is an exact sequence
1 −→ Hom(F ′/ kerm′, BF ′)⋊ S~µ −→W (Fk,m′,~µ)
−→ Aut(HF ′/ ker ν ′,m′, ~µ)× ({±1}s1 ⋊ Ss1) −→ 1.
Proof. There is a natural homomorphism φ : W (F ′) −→ W (F ). We show that φ is
surjective and ker φ = 〈Ad([1+i√
2
I])〉. For g ∈ G˜0, suppose that π′(g) ∈ NG(F ). Then,
π′(gF ′g−1) = π′(F ′). That means Ad(g)F ′ is another lift of F . By Lemma 5.7, one
has Ad(g)F ′ = Ad([λI])F ′ for some λI ∈ Zn. Thus [λI]−1g ∈ NG˜(F ′). Therefore φ
is surjective. For g ∈ G˜0, suppose that Ad(g) ∈ W (F ′) and φ(Ad(g)) = 1. Then,
π′(g) ∈ CG(F ) = F . Hence g ∈ p(Zn)F ′. We may assume that g = [λI] for some
λ ∈ U(1). Choosing an element u ∈ F ′ −HF ′ , thus [λ2I] = gug−1u−1 ∈ F ′. Since
F ′ ∩ p(Zn) = p(〈iI〉), one has Ad(g) ∈ 〈Ad([1+i√2 I])〉. By this we have
W (F ) =W (F ′)/〈Ad([1 + i√
2
I])〉.
The induced action of an w ∈ W (F ′) on HF ′/ ker ν ′ preserves m′ and ~µ. Hence
there is a homomorphism p : W (F ′) −→ Aut(HF ′/ ker ν ′,m′, ~µ) × W (F ′0), which
is apparently a surjective map. Clearly one has W (F ′0) = {±1}s1 ⋊ Ss1 . There
is another homomorphism p′ : ker p −→ W (ker ν ′). The action of an w ∈ ker p
on BF ′ induces a permutation on the first s0 components isomorphic to U(2
k) of
G
BF and hence a permuatution of the indices {1, 2, . . . , s0}, denoted by σ. Since
w acts trivially on HF ′/ ker ν
′, one has µσ(i) = µi for each 1 ≤ i ≤ s0. Therefore
Im p′ ⊂∏µ Saµ . Considering the preservation of eigenvalues, one shows that ker p′ ⊂
Hom(F ′/ kerm′, BF ′)× 〈Ad([1+i√2 I])〉. Moreover one can show that
ker p/〈Ad([1 + i√
2
I])〉 = Hom(F ′/ kerm′, BF ′)⋊ S~µ.
Therefore we get the exact sequence in the conclusion. 
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